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INTRODUCTION 

Recent advances in mathematics and physics have renovated the interest in g.o. spaces, 
that is, manifolds in which every geodesic is homogeneous (see yl). A subclass of g.o. 
spaces is provided by the naturally reductive pseudo-Riemannian manifolds. 

Definition 1 A homogeneous pseudo-Riemannian manifold M is said to be naturally 
reductive if there is a transitive Lie group of isometries G with Lie algebra g and there 
exists a subspace m C q complementary to t) in g, f) the Lie algebra of the isotropy group 
H, such that 

Ad(ff)mCm and ([x,y] m ,z) + (y,[x,z] m } =0 for all x,y,z G m. 

Frequently we will say that a metric on a homogeneous space M is naturally reductive 
even though it is not naturally reductive with respect to a particular transitive group of 
isometries (see Lemma 2.3 in fl3|]). 

Indeed pseudo-Riemannian symmetric spaces are naturally reductive. Other examples 
of naturally reductive spaces arise from Lie groups equipped with a bi-invariant metric, 
which could exist for nilpotent ones (see [SCa]). 

In the Riemannian case Gordon proved that a naturally reductive Riemannian nilman- 
ifold can be at most 2-step nilpotent. In fl 1 ON the author investigated 2-step nilpotent Lie 
groups equipped with a naturally reductive pseudo-Riemannian metric. In particular, for 
the case of nondegenerate center, necessary and sufficient conditions are given for a in- 
definite metric to be naturally reductive. In the case of degenerate center, the known 
examples are provided by the bi-invariant metrics. 

In pO Kostant proved that if M denotes a naturally reductive Riemannian space, such 
that the action of the isometry group G on M is transitive and almost effective, then G can 
be provided with a bi-invariant metric. In [1 1] this result was revalidated for the pseudo- 
Riemannian case. As a consequence, naturally reductive metrics can be produced in 



the following way. Let g denote a Lie algebra equipped with an ad-invariant metric Q 
and let h C g be a nondegenerate Lie subalgebra. Thus one has the following reductive 
decomposition 

= h©m with [h,m] C m and m = h ± . (1) 

Let G denote a Lie group with Lie algebra q and endowed with the bi-invariant metric 
induced by Q and let H C G denote a closed Lie subgroup with Lie algebra h. Then the 
coset space G/H becomes a naturally reductive pseudo-Riemannian space. 

The splitting given in (Q~|) can be modified in some cases in order to produce a naturally 
reductive pseudo-Riemannian Lie group (see [HO for more details). Here we shall make 
use of this method in order to see an example of a naturally reductive (not bi-invariant) 
metric on a 2-step nilpotent Lie group for which the center is degenerate. 

NATURALLY REDUCTIVE COMPACT EXAMPLES 

An ad-invariant metric on a Lie algebra g is a nondegenerate symmetric bilinear map 
( , ) : q x q — >■ R such that 

{[x,y],z) + {y,[x,z})=0 for all x, y, z € n. (2) 

Recall that on a connected Lie group G furnished with a left-invariant pseudo- 
Riemannian metric ( , ) the following statements are equivalent (see [8D Ch. 11): 

1 . ( , ) is right invariant, hence bi-invariant; 

2. (, ) is Ad(G) -invariant; 

3. the inversion map g — > g~ l is an isometry of G; 

4- ([x,y},z) + (y,[x,z]) = Oforallx,y,zeQ; 

5. V x v = A [x,y] for all x,y e g, where V denotes the Levi Civita connection; 

6. the geodesies of G starting at e are the one parameter subgroups of G. 

Clearly (G, (, )) is naturally reductive, which by (3) is a symmetric space. Further- 
more by computing the curvature tensor one has 

R(x,y) = -^ad([x,y}) for x,y e q. 

Hence any simply connected 2-step nilpotent Lie group equipped with a bi-invariant 
metric is flat. 

The set of nilpotent Lie groups carrying a bi-invariant pseudo-Riemannian metric is 
non empty (see 12D). Otherwise in the Riemannian case, a naturally reductive nilpotent 
Lie group may be at most 2-step nilpotent Q2D . 

Among other possible constructions, 2-step nilpotent Lie algebras admitting an ad- 
invariant metric can be obtained as follows. Let (o, (, }+) denote a real vector space 
equipped with an inner product and let p : — > so(t>, ( , )+) an injective linear map 
satisfying 

p(u)u = for all u 6 0. (3) 



Consider the vector space n : = 0* © D furnished with the canonical neutral metric ( , ) 
and define a Lie bracket on n by 

[x,y] = for* GD*,yGn and [n,n]Co* 
([m,v],w) = (p(w)m,v} + for all u,v,w G 0. 

Then n becomes a 2-step nilpotent Lie algebra of corank zero for which the metric ( , ) 
is ad-invariant. This construction was called the modified cotangent, since n is linear 
isomorphic to the cotangent of 0. Notice that the commutator coincides with the center 
and it equals u*. This allows to construct 2-step nilpotent Lie algebras of null corank 
which carry an ad-invariant metric. Furthermore this is basically the way to obtain such 
Lie algebras, (see 0,190 for more details): 

Theorem 1 Let (n, ( , )) denote a 2-step nilpotent Lie algebra of corank m endowed with 
an ad-invariant metric. Then (n, (, )) is isometric isomorphic to an orthogonal direct 
product of the Lie algebras W m and a modified cotangent. 

Examples of 2-step nilpotent Lie algebras with ad-invariant metrics arise by taking 
T* n, the cotangent of any 2-step nilpotent Lie algebra n together with the canonical 
neutral metric. Let n = 3 © D denote a 2-step nilpotent Lie algebra, where t> is any 
complementary subspace of 3 in q. Let zi,---,Z m be a basis of the center 3 and let 
vi , . . . , v n be a basis of the vector space 0. Thus 

m 

\ v ^ v j\ = Y, c h Zs i,j=l,...n. 

s=k 

Let T* n = n x n* denote the cotangent Lie algebra obtained via the coadjoint represen- 
tation. Indeed the set {z 1 , . . . , z"\ v 1 , . . . , v' 1 } becomes the dual basis of the basis above 
adapted to the decomposition n* = 3* © t>*. The non trivial Lie bracket relations con- 
cerning the coadjoint action follow 

n 

[vi,z j ] = d if S for i = l,...n,j = 1, . . .m. 

s=l 

Thus [vi,z J '](vjfc) = dfj and by the definition 

m 

[vi,z J ](v k ) = -z J (^c\ k z s ) = -c\ k i,k= l,...n,j'= l,...m. 

s=l 

Therefore d\- = —cj k for i, k = 1 , . . . n, j = 1 , . . . m. 

It is clear that if for some basis of n the structure constants are rational numbers 
then by choosing the union of this basis and its dual on T* n one gets rational structure 
constants for T* n. Thus by the Mal'cev criterium iV and its cotangent T* N, the simply 
connected Lie group with Lie algebra T* n, admits a lattice which induces a compact 
quotient (see [|12l.[l3ll for instance). 

Let r C T*Af denote a cocompact subgroup of T* N. Indeed T* N acts on the compact 
nilmanifold (T*N) /T by left translation isometries if we induce to the quotient the bi- 
invariant metric corresponding to the neutral canonical one on T* n. The tangent space at 



the representative e can be identified with T* n ~ T e ( (T* N) /T) so that T* n = {0} © T* n 
and clearly Ad(T) T'nCfn which says that (T* N) /T is homogeneous reductive (see 
§3 Ch. X vol. 2 [4|]). Moreover the induced metric on the quotient satisfies 

([x,y],z) + {[x,z],y) = Vxj, z efn. 

Proposition 2 Let N denote a 2-step nilpotent Lie group. If it admits a rational lattice 
then the cotangent Lie group T*N admits a cocompact subgroup T such that (T*N) /T 
is a naturally reductive pseudo-Riemannian space. 

Example 1 The low dimensional 2-step nilpotent Lie group admitting an ad-invariant 
metric occurs in dimension six. This Lie algebra is the cotangent of the Heisenberg Lie 
algebra T* t) 3 . Explicitly let ei, e 2 , ^3, e 4 , 65, e$ be a basis ofT* \)y, the Lie brackets are 

[e 4 , e 5 ] = e\ [e 4 , e 6 ] = e 2 [es,e 6 } = e 3 

and an ad-invariant metric Q is defined by the non zero symmetric relations 

1 = (e u e 6 ) = (e 2 ,e 5 ) = (e 3 ,e 4 ). (5) 

Let T* H3 denote the corresponding simply connected six dimensional Lie group with 
Lie algebra T* f)3. This can be modelled on IR 6 together with the multiplication group 
given by 

(xi,X2,xi,X4,X5,X6)-(yi,y2,y3,y4,y5,y6) = (xi+yi + j(x 4 y 5 -x 5 y 4 ), 

X2+y2+U x 4y6-X6y4), 

^3+^3 + 2(^6-^5), 

X4+y4,x 5 +y 5 ,x 6 +y 6 ). 

By the Malcev criterium T* H3 admits a cocompact lattice T. By inducing the bi- 
invariant metric of T* H3 to T* H3 /T one gets a invariant metric on T* H3 /T, and in 
this way T* H3 /T is a pseudo-Riemannian naturally reductive compact nilmanifold. 
For instance the subgroup ofT*H$ given by 

r={(k h k 2 ,k 3 , 2k 4 ,k 5 , 2k 6 ) I for ki 6 ZVi = 1, 2, 3, 4,5, 6} 

is a co-compact lattice ofT*H 3 , so that T* H 3 /T is a compact homogeneous manifold. 



NATURALLY REDUCTIVE NONCOMPACT EXAMPLES 



The family of naturally reductive pseudo-Riemannian Lie groups constructed in is 
obtained as follows. Take 

• a Lie algebra f) with ad-invariant metric (-,-)h, 

• a Lie algebra with ad-invariant metric (•, 

• a Lie algebra homomorphism % : f) — > Dera(o, (-, ■){,) from f) to the Lie algebra of 
skew- symmetric derivations of (5, (•, 



This data gives rise to a Lie algebra g which can be provided with an ad-invariant 
metric Q. Moreover g admits a splitting as in (OQ), so that f) and m = h -1 are nondegenerate 
with respect to Q and g also decomposes as a semidirect sum of vector spaces as follows 

= f)©Sf(O), (6) 

where £f (0) denotes the Lie algebra of the Lie group £f (D) and g is an isometry Lie 
algebra acting on with the stability Lie algebra h. In general m as in (Q~|) does 
not coincide with £f (0), however as vector spaces they are isomorphic via the map 
A : Sf (u) m which induces the metric of m to (Z)) making both spaces linearly 
isometric. The metric (•,•) induced on is defined on the Lie group @(D) by 

translations on the left. 

Below we shall make use of this construction to provide an example of a naturally 
reductive pseudo Riemannian 2-step nilpotent Lie group, such that its center is degener- 
ate. 

Let a(l,2) denote the free 3-step nilpotent Lie algebra with basis {ei,e2, £3,^4,^5} 
and the non-zero Lie brackets 

[ei,e 2 ] = e 3 , [ei,e 3 ] = e 4 , [e 2 ,e 3 }=e 5 . 

Endow a(l,2) with the ad-invariant metric Q given by 

-Q(ei,ei) = Q(e h e 5 ) = -Q(e 2 ,e 4 ) = Q{e 3 ,e 3 ) = 1. (7) 

Indeed with respect Q, f) = Eei is a nondegenerate subalgebra of a( 1 , 2) such that f)- 1 

is 

t) 1 = R(ei+e 5 )®Re 2 ®Re 3 ®Re 4 . 

Let G denote the nilpotent Lie group with Lie algebra o(l,2) and let H C G the 
closed Lie subgroup with Lie algebra h. According to [jsLdH] the homogeneous space 
G/H becomes a naturally reductive space. Now we follow the construction of |flHl 
to produce a naturally reductive metric on the Lie group (D) whose Lie algebra is 
K© f)3 = span{e2-,e 3 ,e 4 ,es}. Notice that n := span{e2-,e 3 ,e^es} is a degenerate ideal 
in o(l,2), which is a 2-step nilpotent Lie algebra of dimension four isomorphic to the 
trivial extension of the Heisenberg Lie algebra of dimension three f)3 = span{e2 1 e 3l es}. 

Thus e\ acts on R © \) 3 as a nilpotent derivation 
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Induce on n the following metric 



- (c2,e 4 ) = (e 3 ,e 3 ) = (e 5 ,e 5 ) = 1. (8) 



With respect to this metric the center of n which is spanned by £4, £5 is degenerate and 
Theorem 3.1 in 111 ill shows that this metric gives rise to a naturally reductive metric on 
the corresponding Lie group of n. This metric is not ad-invariant. See for instance H. 

Remark 1 The Lie algebraM.(Bt)3 is related to the space known as the Kodaira Thurston 
manifold, which provides an example of a manifold admitting symplectic but not Kdhler 
structures. 

Naturally reductive pseudo-Riemannian nilmanifolds in low 

dimensions 

1. dimension three: H3, the Heisenberg Lie group equipped with pseudo Riemannian 
metric, such that the center is nondegenerate II 1 ON . 

2. dimension four: MH3 the trivial extension of the Heisenberg Lie group, with the 
metric given above ([8]). 

3. dimension five: The Lie group with Lie algebra a(l,2) and the bi-invariant metric 
induced by Q as in CO). 

4. dimension six: The Lie group with Lie algebra T* f)3 and the bi-invariant metric 
induced by Q as in ©. 

In the cases (3) and (4) above the corresponding Lie group N admits a cocompact 
lattice r hence N/T becomes naturally reductive. 
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